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In the present investigation, we obtain a universal stability theorem for a dusty 
gas model with constant number density of dust particles and as a consequence, we 
establish a uniqueness criterion for an initial boundary value problem. For a 
variable number density of dust particles, only a uniqueness theorem is obtained. 
1. INTRODUCTION 
Two types of uniqueness theorems of an initial boundary value problem 
(IBVP) for Navier-Stokes equations have been pointed out. The first ensures 
only one solution for each initial datum while the second guarantees only 
one steady state solution for not too small a viscosity. These results are of 
significance in hydrodynamic theory of stability. 
Foa [3] found the first type of uniqueness theorem for an initial value 
problem. This theorem ensures uniqueness of a regular solution of an initial 
value problem, provided such a solution exists. If solutions develop discon- 
tinuities, Foa’s theorem may not hold. It is generally supposed that discon- 
tinuities cannot develop in a viscous fluid but despite great efforts by 
eminent mathematicians, it has never been proved (Ladyzhenskaya [S I). 
Serrin [7], while discussing the concept of universal (global) stability, 
pointed out the uniqueness of steady solutions for not too small a viscosity. 
In fact, the two types of uniqueness theorem result as a by-product of 
Serrin’s concept and analysis of universal stability (Joseph [4]). 
It is interesting to note that uniqueness theorem has been extended to the 
case of compressible fluids (Serrin [8]), however, a universal stability 
theorem was not available until today in such a situation. 
The purpose of the present work is to search for a uniqueness theorem and 
a theorem for universal stability for a dusty gas model. There are certain 
works in this direction. Crooke [l] examined a uniqueness criterion and 
Dandapat and Gupta [2] obtained a universal stability theorem for a dusty 
gas model. In both the works, the authors considered the constant number 
density of the particle phase. Dandapat and Gupta [2] did not obtain any 
172 
0022-247X/81/090172-16$02.00/0 
Copyright 0 1981 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
GLOBAL STABILITYOFADUSTYGAS MODEL 173 
uniqueness criterion while Crooke [ I] did not consider a universal stability 
theorem. The two works are quite independent. 
In the present investigation, we improve the universal stability theorem of 
Dandapat and Gupta [2] and as a consequnce, we establish a uniqueness 
criterion. At one point, we depart from the analysis of Dandapat and Gupta 
to obtain a much improved theorem on universal stability. It ensures a larger 
stability region. We further generalize the analysis to cover the case of non- 
uniform number density of the particle phase. One is able to extract only a 
uniqueness theorem. 
2. FORMULATION OF THE PROBLEM 
Consider a viscous incompressible two phase flow in a closed bounded 
volume y(t) whose boundary is c(t). We assume the gas phase to be of 
constant density and the particle phase to be incompressible with non- 
uniform number density. The fluid is set in motion by external forces or by 
the motion of the boundaries. If U(X, c), V(X, t) define the velocity fields for 
gas and particle phases, respectively, prr(X, t) the pressure in y(t) and N(X, t) 
the number density of the particles, then basic equations are 
$+(U.V)U-vV'U+Vn-F(X,t)-y(V-U)=O, 
div U = 0, 
g+cv. V)V+J-V)+F(X,r), 
Jg+(V.V)N=O, 
div V = 0. 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
Here, X E r(r), t > 0, F(X, t) denotes external force per unit mass, v the 
kinematic viscosity, plr the pressure, m the mass of each particle, K the drag 
coefficient on the particles. We assume the basic equations to be the same as 
those developed by Saffman [6]. 
Further, we prescribe the initial and boundary conditions as follows: 
U(X, t) = Us@, t) x E C(t), t > 0, (2.6) 
n * V(X, t) = n * V,(X, t) x E C(t), f 2 0, (2.7) 
qx, 0) = U,(X), V(X, 0) =V,(X), 1 x E Y(O)7 P-8 > (2.9) 
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div U, = div V, = 0. 
y(t) denotes the volume occupied by the fluid at any instant and n the 
outward drawn unit normal at a point of c(t). 
Since the two phases are assumed to be incompressible, total volume 
remains invariant, however, the fluid’s shape can change. Thus 
Q(,, dr = !:(() div V(X, t) dz = 0, 
where we define 
$=&+(V.V). 
It is to be noted that material surface is defined with reference to particle 
phase. Equations (2.1) to (2.9) define an initial boundary value problem 
(IBVP). 
Let U(X, t, U,) and V(X, t, V,) denote a solution of (2.1) to (2.9) for 
given data {U,(X, t), V,(X, t), F(X, t), y(t)} for a fixed v, K, m, p. The main 
problem is to establish two theorems of the following type: 
THEOREM 2.1. For each U,, V,, there is only one U(X, t, U,) and 
V(X, t, V,) satisfying IBVP (2.1) to (2.9). 
THEOREM 2.2. If the given data {U,, V,; F, y} are steady and sf v > V, 
then there is at most one steady solution of IBVP (2.1) to (2.9). 
As a by-product of the stated theorems, we will obtain a global stability 
criterion. Theorem 2.2 is essentially significant in the sense that it ensures 
one steady solution, provided kinematic viscosity is large enough. For a 
smaller viscosity, a problem of turbulence arises and for a larger viscosity, 
fluid may not remain Newtonian and hence tke b&z equation (2.1) may not 
remain valid. 
To prove these two theorems we built the relevant structure in the 
following sections. 
3. ENERGY EQUATIONS 
Let U{X, t, U,(X)), V{X, t, V,(X)] and U’{X, t, U, +%(X)1, V’{X, t, 
V, + v,,(X)} be two sohtions for fIxed v, K, m, p and same data 
(U,(X, t), V,(X, t), F(X, t), y(t) 1. Denote 
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u(X, t) = U’(X, t) - U(X, t), 
v(X, t) = V’(X, r) - V(X, t), 
p(X, t) = n’(X, t) - 7c(X, t), 
n(X, t) = N’(X, t) - N(X, t). 
Then (2.1) to (2.9) reduce to the following 
al 
~+U.Vu+“.v.U+“.V.“-“v’“+vp--(v-U) 
P 
div u = 0, 
av at+V.vV+V.VV+V.VV=;(“-V), 
Define 
div v = 0, 
~+(V.V)n+(v.v)N+(v.v)n=O, 
u(X, t) = n * v(X, t) = 0 x E C(t), 
u(X, 0) = u,(X) x E Y(O), 
v(X, 0) = v,(X) x E Y(O). 
E(t)=f(lu12)=jj 1lqdz, 
Y(f) 
e(t)=f(lV12)=f j lV12dL 
yin 
It is to be noted that 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
The last integral vanishes because of (3.6). 
409/83/I-I 2 
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Similarly 
$e(r)= / 
. :(f) 
Making use of (3.1) and (3.2) in (3.9), we obtain 
au, KN - uiu.--+-((uiui-~u~2~ 
’ axi p 
+ ~(~i~.i---lUl*)+~(Uilii--illi)]dr 
+$ I fl(Ui Vi - Uj U,) dt. y(f) 
where 
i3.101 
Use of boundary conditions on u and Gauss theorem yields 
+if. 
i p ye) 
(N + n)(UiU, - IUI’) dt. (3.1 
If particle density N happens to be a constant so that n = 0, then (3.1 
reduces to 
1) 
1) 
+ SI (UiUi- lUl*) dZ. 
yit, 
(3.12) 
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Similarly, if use is made of (3.3) and (3.4), then (3.10) gives 
f  e(t) = -  j Uj ' nj I V  I2 dS -  
I  
dijV,Vj dr 
.3(f) tit) 
+K m I (Uiu, - IVI’) dr, y(,) 
where 
Using (3.6) gives 
d,=+- (z+z). 
se(t) = - j dijViVj dZ + ‘j (UiVi - I V  I’) dt. (3.13) 
y(l) m yw 
We refer to (3.11) through (3.13) as energy equations. We note that (3.13) 
remains unaffected whether or not the number density of the particle phase is 
a constant. 
Further 
d 1 
z tit)z I 
n2dr=- 
I tit) 
nvj 2 dr. 
J 
(3.14) 
4. AUXILIARY RESULTS 
In this section, we state a few subsidiary results. 
LEMMA 4.1. If 8, < 0 is the smallest of the three eigenvalues of [Dij] 
over y(t) up to time t, then 
-(u * D . u) < l&l (IuI”). 
LEMMA 4.2 (Poincare Inequality). Ifu(X, t) is any smooth function such 
that u(X, t) = 0, X E c(t) and div u = 0, there exists A > 2 such that 
where I(t’) is the smallest distance between two parallel planes which just 
contain y(t) and L = max,,,,,,, l(t’). 
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One may be referred to Joseph [4] for the proofs of Lemma 4.1 and 
Lemma 4.2. 
Use of Lemmas 4.1 and 4.2 reduces (3.11) to (3.13) to differential ine- 
qualities : 
+K” J p Y(l) N(u,vj-/u12)dt. 
For a constant number density 
and 
We shall quite often be using estimates of the integrals of ,the type 
J fwft(4 g*(x) fk 
F(x) > 0 over y(t). 
y(t) 
We can estimate it in two ways. 
Let 
Then 
Thus 
(4.1) 
(4.2) 
(4.3) 
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Further, using the Schwarz inequality one gets 
2 
f’(xM4 g,(x) dr 
1 i 
< J’2Wf:(x) d7 j g:(x) d7 
Y(t) Y(f) 
< a2 jtitJf:o d7 j d(x) d7. 
$0 
Thus 
I F(X)S,(X) g/(X) d7 < 2~ y(t) (4 5) 
<a (+;dr+fjg:dr). (4.6) 
In fact, it is obvious from the above that (4.4) follow trivially from (4.5). 
Moreover, it is to be noted that P(x) > 0 is not relevant if (4.6) [the same as 
(4.4)] is derived from (4.5). 
The two estimates are important and are used in the analysis to follow. 
We list below certain estimates which are useful in further analysis. These 
can be derived along the same lines indicated above. 
I ui Vi dr < e(t) + E(t), (4.7) y(l) 
i 
UiVidS,< 2&@mT (4.8) 
y(t) 
- I y(t) nvj g ds & P,(O + e), J (4.9) 
where 
i 
nu,( V; - U;) dr G/3,(0 + E), (4.10) 
y(t) 
I 
Nut vi d7 < Me + E), (4.11) 
y(t) 
e=+ 
I n2 dt, 
C3N 
y(f) 
P,=yx -ax’ I I o<t<t, j 
82= y($ IV-u’l, & = max N, y(t) 
O$f(f’ 0<t<t, 
(4.12) 
/I4 = min N. 
v(f) 
oitctc 
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5. MAIN THEOREMS 
The Case of Variable Number Density 
The relevant equations/inequalities for the present purpose will be (3.14), 
(4.1) and (4.3). The use of the estimates (4.7) to (4.11) for various integrals 
yield 
(5.1) 
and 
$< (Z(d,l-i)e+$E. (5.3) 
These inequalities yield that 
f (0 + E + e) G/3(0 + E + e), (5.4) 
where 
It is trivial to observe that /? > 0. 
Proof of Theorem 2.1. Integrals of (5.4) over [0, t’ ] give 
O(t’) + E(f) + e(f’) G [8(O) + E(0) + e(U)] ew@t’), 
where E(0) and e(0) are given by 
E(0) = t j lu,l* ds, 
$0) 
e(0) = 4 
I Ivo 1’ dr $0) 
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and 
8(O) = 0. 
In case u,, = 0 = v,,, &t’), E(t’), e(t’) will separately vanish since e(0) and 
E(0) vanish. This implies that only one solution will start from each initial 
datum. 
The Case of Constant Number Density 
Here, (3.14) will be redundant and only differential inequalities (4.2) and 
(4.3) will be relevant. Use of estimate (4.7) reduces the inequalities to the 
form 
KN E(t) + --j-e, (5.5) 
(5.6) 
It will be noted later that this estimate gives an alternative range for a 
stability region as compared to Dandapat and Gupta [2], who used the 
estimates as provided by (4.8), (5.5) and (5.6) and obtained 
KN 2Av K K KN 
216,(-p-~+m,21a,i-nt+p 1 (5.8) 
and is a constant. Inequality (5.7) holds for all cases where PO is a constant. 
Proof of Theorem 2.1 follows exactly along the same lines as for the case of 
variable number density. 
Proof of Theorem 2.2. Let PO = -j? and B > 0, then (5.7) gives 
E(t’) + e(t’) < [E(O) + e(O)] exp(-#t’) 0 & t’ < t. 
For a steady solution E(t) =&Y(O) and e(t’) = e(0). It is possible iff 
E(t’) = e(t’) = 0. Thus only one steady solution is possible. 
One fails to prove this result if p,, happens to be positive. We note that if 
both the expressions in the brackets of (5.8) are negative, /? will definitely be 
negative and under that condition only one steady solution will be possible. 
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Thus 
and 
is a sufficient condition for only one steady solution of the system. Alter- 
natively, one sees that 
2b.u <K (3 < 2 ($+,I) 
is a sufficient condition for only one steady solution of the system. It is 
implicit that (5.9) is meaningful, provided 
NIP ( llm (5.10) 
and 
These equations can also be regarded as sufftcient conditions for stability 
for the solution U, V. Inequality (5.10) means that mass density of the dust 
must be less than the density of the gas and (5.11) implies that kinematic 
viscosity must not be too small. Thus for not too small a kinematic viscosity 
of gas, having light, suspended particles, (5.9) ensures stability. 
6. IMPROVED RESULTS 
It is to be noted that the character of /I in (5.4) and that of PO in (5.7) are 
of basic importance. For a uniqueness theorem, it is inmraterial whether ,f3 
and & are positive or negative. However, for a stability theorem, their 
negative character is a must. 
Keeping these observations in view, we improve the sufficient conditions 
as given by (5.9) for the stability of the flow. We attempt tu show the 
existence of d, > 0 and A, < 0 such that (5.5) and (5.6) y&Id 
$(e+l,E)Sl,(e+l,E). (6.f) 
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For such A, and A,, the following must be identically true, 
and 
(6.2) 
(6.3) 
where 
v* = Lpi 
The two equations give that A, must be a root of the quadratic equation 
n:-A, 2/d~~+216,1-;-~-$] 
[ 
-I +-;) (2,&f--+z=O. (6.4) 
Since 1, is required to be positive and I, < 0, one of the sufficient 
conditions for the existence of 1, > 0 and A2 < 0 will be that 
and a root of (6.4) lies between 0 and 2 \&,,I -K/m. 
Therefore a sufficient condition for stability of the system is that 
and 
and 
-c+ (2ld,l-9 (2IB,l-5-g 
be of opposite signs. 
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The last of the above expressions is equal to -K2N/p, which is negative. 
Therefore a sufficient criterion for stability is that 
Zld,,$-<O 
m 
and 
This implies that the flow is stable if 
and 
It is to be noted that the condition fails if 
We have thus established the following theorem. 
THEOREM 6.1. A s@lcient condition for stability of a dusty gas flow is 
that 
and 
W,l lcN ( --+&I+$) <3;-2pq. (6.7) 
A question arises: Could the analysis developed in this section lead to a 
sufficiency theorem for the case of variable number density? Let there exist, 
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if possible, C, > 0, C, > 0 and C, < 0 in such a way that the inequalities 
(5.1) to (5.3) yield 
This differential inequality will give 
(6.8) 
The last of the equations implies that C,(C, - j?,) = (K/p)&. For Cz to 
be positive, one requires that C, > /3,. /3, and jIz being positive, C, will 
consequently be positive. It shows that C, > 0 and C, < 0 are not consistant. 
Present analysis therefore does not yield a stability theorem. 
7. A COMPARISON OF STABILITY THEOREMS 
For a comparative study of stability theorems, it is desirable to rederive 
Dandapat and Gupta’s stability theorem. 
Let us denote E = K: and e = Kz. Then use of the estimates as given by 
(4.8) for the integral I t(iVi dr reduce (4.2) and (4.3) to the forms 
and 
The two inequalities imply that 
$ (K, + fh) G I@, + 41, 
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where 
The system is therefore stable, provided 
and 
THEOREM 7.1. A s@kient condition for the stability of two phase flow 
for a constant number density case is that 
(7.1) 
It is also desirable to note the following theorem: 
THEOREM 7.2. A suflcient condition for the stability of siq$ephasejlow 
is that 
(7.2) 
We will now compare the suff’ciency theorems for stability of two phase 
flow as provided by the inequalities (5.9), (7.1) arid by inequalities (6.5) to 
(6.7). 
We assume single phase fluid flow to be stable satisfying (7.2) and pat-tick 
FIG. I. Stability regions. 
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mass density to be smaller than that of gas density so that l/m -N/p > 0. 
We are therefore interpreting the results for light dust with a base flow which 
in the absence of dust is stable. The shaded regions in the (K/m, KNIp) plane 
of Fig. 1 indicate stable regions; dotted lines, broken lines and solid lines 
indicate bounded regions. The stable and bounded regions are provided, 
respectively, by Dandapat and Gupta and by the present authors [(5.9), (6.5) 
to (6.7)]. It is clear that the sufficiency region obtained by the present 
authors is a much enlarged region. 
Since for the light dust, a stable base flow has not been shown to be 
always stable, the present analysis does hint that light dust is destabilising in 
character. However, it cannot be regarded as a conclusive statement as 
theorems obtained are only sufficiency theorems whose violation does not 
necessarily mean instability. 
8. CONCLUSIONS 
For a constant number density two phase flow, we are able to delineate 
stability regions for a light dust with stable base flow. This region is much 
enlarged as compared to the one obtained by Dandapat and Gupta [2]. 
A uniqueness theorem for a certain initial boundary value problem for a 
constant as well as a variable number density case has been established. It 
has also been established that the present analysis will not yield a 
sufftcientcy theorem for stability for a variable number density case of two 
phase flow. 
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